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This note relates the formulas - axioms, definitions, lemmas- used in the
technical report [1] to the names of the taclets that implement them in the KeY
system. The so far unpublished technical report [1] is a slight extension of the
unrestrictedly available [2].

A note on notation

[ in [1] | Tableau paper | taclets ‘
f™"(x)|oHNf(n, m) oHNf (n,m)

for f™™(n+ 1)lfor f™"(n+ 1)
o(n,m) |0GS(n, m) oGS (n,m)

The general three-argument function f™"(z) has no counterpart neither in
the Tableaux paper nor in KeY’s taclets.

1 Core Axioms from [1, Figure 2]

L Va,y,z(e <yAhy<z—z<2) transitivity
olt-transAxiom, olt_transAut

2. Va(—x < x) strict order
olt_irref Axiom

3. Vz,ylx <yVz=yVy<a) total order
olt_total_Axiom

4. V(0 < x) 0 is smallest element
oleq_zeroAxiom

5. 0<wA-Tz(w=2x+1) w is a limit ordinal
omegaDef1

6. vy <yAVz(z<w—a+1<y)—>w<y)
omegaDefLeastInf w is the least limit ordinal

7. Ve(z<z+ 1) AVrylx<y—-z+1<y) successor function

oSucc, oLeastSucc

8. Vz(z < a — t[z/A] < supr<at)

osupDef def of supremum, part 1

9. Va(Vz(z < a = t[z/A] < x) = supr<at < ) def of supremum, part 2
osupDef

10. Ve(Vy(y < 2 = ¢(y)) = @) = V¢ transfinite induction scheme

oIndBasic, oInd



2 Definitional Extension from [2, Figure 5]

Ve,y(x <y zxz=yVz<y) (less or equal relation)
oleq_Def

Ve(lim(z) <0<z A-Jy(ly+1=1x)) (limit ordinal)
olimDef

Va,y(max(z,y) = if <y then y else x) (maximum operator)
omaxDef
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Derivable Lemmas from [1, Figure 6]

Jod — (P AVyly < 2 — ~¢ly/2]))
least_number_principle

Va,y,z(c <yAy<z—z<2)
oleq_trans, oleq_transAut

Va,y,z(c <yAy<z—z<2)
oltleq_trans, oltleq_transAut

Ve, y,z(x <yAy<z—x<2)
oleqolt_trans, oleqolt_transAut
Vr,y(r <y Ay <z —x =y)
oleq_antisym

Vo, y, z(maz(z,y) <z < (2 <z Ay < z))
omaxGreater

Vo, y,z(z < (mazx(z,y) < (2 <z Vz<y)))
omaxLess

Vo, y, z(maz(z,y) < z < (x <z Ay < 2))
omaxGeq

Vo,y, 2(z < (maz(z,y) ¢ (2 <z V2 <y)))
omaxLeq

Va(maz(0,z) = max(z,0) = x)

omaxOLef and omaxORight

supx<o t =0

osup0

supy<1 t =1t[0/)]

osupl

Va(lim(z) = supr<y A = )

oselfSup

Va(supr<zi1 t = max(supr<y t,tfz/N]))

osupSucc

Ve(Vyly < x — t1[y/A] = ta[y/A]) = supr<z t1 = Supr<z t2)
osupEqualTerms

Val,ag(

Vo(r < a; — Jy(y < ag Atz/A] < ta[y/A]))A
Yy(y < ag — Jz(x < aqg Atey/A] < t1[z/N]))

> SUPr<a, 11 = SUPr<a, 12)
osupMutualCofinal



17. lim(A) <+ A # 0 A Yov(ov < XA = (ov+1) < A
olimDefEquiv

18. V)\(tl <o = supr<p t1 < SuUpx<p to
osupLocalless

4 Definitional Extension from [1, Figure 7]

Va(z+0 = x)
oadd_DefORight

Ve,ylz+(y+1)=(x+y)+1)
oadd_DefSucc

Va,y(lim(y) — « + supr<yA = supr<y(x + X))
oadd_DefLim

Vo(z 0 =0)

otimes_DefORigh

Va,y(e+ (y+1) = (2 xy) + )
otimes_DefSucc

Ve, y(lim(y) — x Yy = supy<y(x % X))
otimes_DefLi

Va(z = 1)

oexp_DefORigh

Va,y(avth) = (2¥) * 2)

oexp_DefSucc

Vo, y(lim(y) Az # 0 — 29 = supy<y (7))
oexp_DefLim

Vy(lim(y) — 0¥ =0)

oexp_DefLimO

5 Derivable Lemmas from [1, Figure §]

1. Vo,yly#0 -z <x+y)
oaddStrictMonotone

2. Vz,y(x <z +y)
oaddMonotone

3. Va,yly <z +y)
oaddLeftMonotone

4. Va,y,z(z<y—z+x<z+y)
oltAddLessLeft

5. Vo,y,z(x<y—ax+2<y-+2)
olegAddLessRight
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Ve,y,z(x+y<z+z—y<z)

oAddO1tPreserv

Ve, y,u,wz <yAu<w—x+u<y+w)

oadd2olt

Ve, y,u,wz <yAu<w—z+u<y+w)

oadd2oleq

I<wAhj<w)—it+j<w

oaddLessOmega

Derivable Lemmas on Addition from [1, Figure 9]
. Vz(0+z =)

oaddOLeft

Ve, yx+y =02 =0Ay=0)

ozerosum

Va,y, z(max(z + x,z + y) = z + mazx(z,y)

omaxAddL

Va,y, z(max(x + 2,y + 2) = max(z,y) + z

omaxAddR

Ve(r <w—z+w=w)

oaddLeftomega

Va(lim(\) = lim(x + X))

olimAddolim

Ve(w <z — INnlim(A) An<wAz=X\+n))

repLimPlusNat

Vo, y(z <y — Jz(z =y +2))

ordDiff

Ve, y, 2@+ (g + 2) = (5 + 1) + 2)

oaddAssoc

—Jz(zx+1=0)

oOnotSucc

Ve,y(r <y = (z+1) < (y+1))

oltPlusOne

Vo, y((z+1) = (y+1) »z=y)

oAddOneInj

Y,y 2((2+ ) = (5 +y) > 3= )

oaddRightInjective

Suprx<z (1 +1) =i+ supr<, t if A does not occur in 7 and z > 0

osupAddStaticTerm

i+j=j fw<jandi<w

oaddLeftomega, oaddLeftAbsorb

Derivable Lemmas on Multiplication from [1, Figure 10]

Vz(lxz=zx1=1x)

otimesOneRight and otimesOneLef
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Vz(0*z = 0)

otimesZeroLeft
Vr,y,2((0 < zAz <y) = z2%xx < z2%Y)
otimesMonotone(Q, otimesMonotone

Vryyz(zrax <zxy) > (0< zAz <y))

otimesMonotoneRev
Vo,y,2(0 < zAzsxx =zxy >z =y)
otimesLeftInjective

Va,y,z(e <y—xxz<yx*z2)
otimesLeftMonotone

Ve, y(x 20—y <z xy
otimesRightMonotoneQ

i =00i=0Vi=0

otimesZero

ixj=1<1=1Aj=1

otimesOne

Ve, yzr < wAhy<w—zxy <w)
otimesFinite, otimesFiniteAxiom

Ve(0 <z <w — Tkw =w)
otimesNomega(Q, otimesNomega

Va,y, z(max(z x x,z xy) = z x max(x,y))
omaxTimesL

YV, y, z(maz(z * 2,y * 2) = mazx(z,y) * 2)
omaxTimesR

SUuPr<g (1% t) =% SUPp <y t
osupTimesStaticTerm

Vi, g k(i (j+ k) =ixj+ixk)
odistributivel

Vi, g, k((i*j)xk =ix(j*k)
otimesAssocQ

VA ni(lim(A) An <w—ix A= (i+n)=*A)
Klaua26cla

YA 2((lim(AM) A0 <z <w) = zx A=)
otimesNlimit
Vi,j(1<iAl<j—i+j<ixj)
olegAddTimes

Vi, A(0 < i Alim(X) — lim(i x X))
olimtimes1Q, olimtimesl

Vi, M0 < i Alim(X) — lim(A % 7))

olimtimes2Q, olimtimes2

Derivable Lemmas on Finite Ordinals from [1, Figure 11]

Vrylr <wAy<w—or4y=y+a)

oaddFiniteCom
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Vi,j, k((l<wAj<wAk>w) = (i+j)xk=ixk+jxk)
odistributiveFinite

Ve,yx <w Ay <w—xxy =y+*1x)

otimesFiniteCom

Derivable Lemmas on Exponentiation from [1, Figure 12]
=

oexpOne

Vz(0 < z — 0% = 0)

oexpZeroBase

Va(1® = 1)

oexpOneBase
Ve,y(l<zAl<y—ax<ay)
oexpLeftIncreasing
Ve,0 <y —ax < av)
oexpLeftWeakIncreasing
Ve,y(l<azA0<y—1<aYy)
:oexpGreaterOne

Ve, y(l <z — 1 <a¥)
oexpGreaterEqualOne
Ve,y(x #1 - xxy < a¥)
oexpGreatertimes

Ve, y(l <z —y < z¥)
oexpRightNondecreasing

Vo, y, ya(l <z Ay < yo — x¥t < ¥?)
oexpRightMonotoneQ

Va,y1,y2(1 <z Az¥t < z¥2 — y; < ys)
oexpRightMonotoneRevQ

Vi, x0,y(r1 < 29 — ¥ < 2)
oexpLeftMonotoneQ

Vi, 2o, y(z1 < 22 A0 <y A=lim(y) — oy < xy)
oexpLeftSuccessorMonotoneQ
=0—->x=0Ay#0
oexpEqualsZero
y=1—-y=0ver=1

oexpEqualsOne

Ve,yx <wAy <w— 2¥ <w)
oexpFinite
Ve,y(l<z Az <w— 2% = w)
oexpNOmega

Ve, y((0 < z Alim(y) — lim(y®)
olimexp1limQ

Ve, y(1 < z Alim(y) — lim(zY)
olimexp2lim@, olimexp2lim



20. Vz,y, z2(x¥1* = z¥ x 27)
oexpDistr

21. Va,y, z((z¥)? = a¥*%)
oexpTriple

22. Vb((0 < bAVz(z < b= 0< j)) = suppp(il) = iswP=<o()))
for all terms 4, j such that x does not occur in 3.
osupExpStaticTerm

10 Positive Integers as Ordinal from [1, Figure 14]

Definitional Extension

1. onat(0) =0
onatZeroDef

2. Vn(0 < n — onat(n + 1) = onat(n) + 1)

onatSuccDef

Derived Lemmas

3. onat(l) =1
onatOne
4. Yn,m(0 < n A0 < m — onat(n +m) = onat(n) + onat(m)
onatoadd
5. ¥n,m((0 <nA0<m)— (onat(n) = onat(m) - n =m))
onatInj
6. Vn,m((0 <n A0 <m)— (onat(n) < onat(m) <> n < m))
onatolt, onatoltAut
7. Vn(0 < n — onat(n) < w)
onatLessOmega
8. Vit iz, j1,72 (0 < i1 AO<ig AO<j1 AO< j2) —
w * onat(i1) + onat(j1) < w * onat(iz) + onat(jz)

iy <V (ip =d2 A1 < J2))
oltlexicographic



11 Definitional extension for termination proof from [1,
Figure 19]

YnvYm(2 <=n A0 <=mAm <n— o(n,m)=onat(m))
oGSDef1

Vn,m, k, a,c(

m=nFsa)+cA2<=nAl<=kA0<a<nAc<n
— o(n,m) = w™k) x onat(a) + o(n, c))

oGSDef2

Vbase, m(2 <= base A0 <=m Am < base — oHNf(base,m) = m)
oHNfDef1

VYbase, m, k, a, ¢(

m = (base® xa) + c N2 <=base N1 <=k A0 < aAa<baseA c< base”
— oHNf(base, m) = (base + 1)°HNI(base.k) 4 ¢ 4 oHNf (base, c))

oHNfDef2

12 Derivable lemmas on o(n, m) from [1, Figure 20]

1. Vn(2 < n — o(n,0) = onat(0))
oGSZero
2. ¥n,e(l<nA0<e—0<o(n,e))
oGSGreaterZeroQ
3. Vn,e(l<nA0<e—0<o(n,e))
oGSGEZero
4. Vn,m1,ma((2<nA0<my Amp < mg) — o(n,my) < o(n,ms))
oGSstrictMonotone

13 Derivable lemmas on oHNf(m,n) (=f>"(m + 1))
from [1, Figure 21|

1. V¥n(2 <n — oHNf(n,0) = 0)
oHNfZero

2. Vbase, m(2 < base A base < m — m < oHNf(base, m))
oHNfIncreasing

3. Vbase,m(2 < base A0 < m — m < oHNf(base, m))
oHNfWeakIncreasing

4. Vbase,m,k(m = base® N2 < base N1 < k — oHNf(base,m) = (base +
1)0HNf(base,k))

oHNfDef2a

5. Vma, my, base; (2 < baseN0 < miAmy < moAoHNf (base, m;) < oHNf(base, ms))
oHNfMonotone



6. Vbase,k,a,c(
2<base N1 <kAO<aAa<baseAc<base® NO<c
— oHNf(base, c) < (base + 1)°HNf(base,k))
oHNfcbLemma
7. Ybase,m(2 < base A0 < m — o(base, m) = o(base + 1, oHNf(base, m)))

oGSnextb
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